597

REFERENCES

1. SULIKASHVILI R.S5., On the effect of third- and fourth-order moments of inertia on the
motion of a rigid body. PMM 51, 2, 1987.

Translated by L.K.

PMM U.5.5.R.,V0l1l,.51,No0.5,pp.597~ 600,1987 0021-8928/87 $10.00+0.00
Printed in Great Britain © 1989 Pergamon Press plc

EQUATIONS OF MOTION OF A CARRIER SUPPORTING DYNAMICALLY UNBALANCED AND
ASYMMETRIC FLYWHEELS IN AN INERTIAL MEDIUM

V.A. KONOPLEV

The methods described in' /1-5/ are used to derive the equations of motion
of a body supporting dynamically unbalanced and asymmetric flywheels in
an inertial fluid. The equations combine the accuracy of inclusion of
inertial effects with the compactness of matrix notation, with the con-
venience of constructing the computational procedures based on modern
matrix processing facilities of the digital computer without resorting
to the scalar equations. The equations obtained are used to formulate

a problem of programmed rotation of flywheels, ensuring that the carrier
moves as required, provided it exists.

The equations obtained can be used for a straightforward investigation
of the motion of a vibrating table under the condition that the position,
the inertial characteristics and the modes of motion are all known, and
for determining the above characteristics which ensure that the table
moves in a prescribed manner (the control problem).

We shall use, for simplicity, a single symbol Ky = (Ox, [¢f]} for all rigid bodies of the
system, and for the associated Cartesian systems coordinate with the origin O and an ortho-

normed basis, [e] = (o, &*. es). & =1, 0, 0lT,.&f =110,1, 0|7, &;* =110, 0, 1", ‘g0 that E, will
denote the inertial coordinate system, £, is the body of the carrier, K, (p =2,8,...,n) the
instruments under test installed on E,, E, (s =2,3,..., m) are the flywheels, including those
which may be mounted on the instruments under test.

The dynamic screw of such a system is described in E, in the form

Zr =Lz, L,":E,—E, (1)
. m

le = I(llvlo1 + El Lsueaﬂfsq)s. (2)
§==1

n m
K1l "—:811 + 2 LphepPL}}' T + 2} LsueasL}lL T + Ag Ag;
p=2 82

Here Z,! is the same screw in E,; L® =T, {C%] is a (6 X 6)-matrix situated in E,

/1/, and
E 0 ¢’ 0
P e i o

where <(0,%° is a skew symmetric (3 X 3) matrix generated by the position vector O, of

O, in E,on the basis [¢*]; E is a unit (3 X 3) matrix, 2 =C,(p) Ca(8)C, (9) is a (3 x 3)
matrix of the orientation [e!] on [e%]l, ([¢'] = [°] C,% is the simplest (3 X 3) matrix of
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rotation by the angle o with unit vector ¢! (i =1,2,3), and ¢ =10, ¥;,8,, ¢, |[T = R, is the
vector of generalized coordinates of [E,. We have adopted above a "ship-like" sequence of
rotations. When using the "aircraft" or Eulerian angles, we should adopt C,° = C, (y,) C, (0;)
Cy (@) or C,°=Cy(P,)-Cy{9;) Cs(b1z) respectively /1, 6/.

The following notation is used in (2): ©,', 8, 68 are the (6 x 6) Mises inertia
matrices, £, E, and E,[1]; Ay'". A, are the (6 X 6) matrices of attached masses E; and
E,, are computed in E, [2]; Ly E, - Ex (k = p,s) as in (3), and the quantities ,, 6, in the
matrices Cr = €; () C; (6,) C, (p,) are constant angles of orientation of the flywheels F, in
[el], @, » are the angles of rotation of the flywheels, O,!! are position vectors of the flywheels
E, in E, onthebasis [¢l]; V% = ||, ©,"[|T is the vector of quasivelocitiesof E;; f, = || 0, &’ Il =
R,, ¢ 1is the unit vector of the axis of rotation of the flywheels E, by the angle ¢,.

The left lower <(r’)’m, and right upper <(r»7Tm,(3 X 3) block of matrices @6,/ define the
part of inertial effects determined by the dynamic imbalance of the flywheels (r,* = E. is the
radius vector of the centre of mass of the flywheel in FE, and the basis [¢*]), the second part
of the effects is determined by the dynamic asymmetry of the flywheels (0,5 0;,° are the
moments of inertia in the matrix 6 of the inertia tensor represented by the lower (3 X 3)
block of the matrix ©,*). Using the theorem on the change in kinetic screw of the system
and taking into account (1), we obtain /1/

z + @,"Z,' = F;! (4)
m m
F=KV 4+ KUV + LU, + D L e > 8., ©)
§=2 s=2
m
K= 3 L (K18, — 8, e D) L T 6)
2
n m
Fr=Po 4 D LUPY + 3 LA )
p=2 8=2

Here I<{&] is a block diagonal (6 X 6) matrix with the blocks <&°)) on the principal
diagonal; P,* (k =1, p,s) is the sum of the dynamic screws of the external forces acting on
E, and E, (the weight, Archimedes, aerodynamic, hydrodynamic, etc.) /2/; @, is a (6 X 6)
matrix with (3 X 8) rows of the form || <, [0, {I<v,! [<o0;®']l; * is the symbol denoting

a derivative in the E, system of coordinates attached to the body.
In deriving relations (4)-(6) we have used the kinematic equation

L’;‘* == Lauq)s"': Lsu [<els>] Ps
Substituting relations (5) and (6) into (4) and carrying out the necessary reduction,

we obtain the equation of motion in the inertial fluid of the body supporting the dynamically
unbalanced and asymmetric flywheels in quasivelocities

m
K75+ Moy, + 3 (Lo +Ji)=Ft (8)
Here
Mll = .I)lﬂlKll + K},*v I., = L"80,f, (9)

3, =(@,"L* + L," [Ke,1 9,) 8,7,

Using the equations of kinematics /2, 3, 5/
V=AY, Vit AR + Do (10)

we transform Eg.(8) to the form

Iloqg“ + 3,°9," + Ig” + Jg = F;* (11)
I1O=K11A1°lv J10=K11D101+MxlA101
I=|L| L. . I
J=|31ds]- -1l
=10 9 - m [T =1 @ [T
Thus the presence on the carrier of dynamically unbalanced and asymmetric flywheels leads
to the following changes in the equations of motion of a free rigid body /1/: the Mises matrix

0,  of the carrier is increased by the sum of the matrices -0, generated by the operators L,!
in E,, (the second relation in (2)); an analogous effect in the term @®,%K;! of the matrix M, /9/;
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the appearance in the matrix M,;! of the matrix K;'* which takes into account the inertial
effects connected with the dynamic inbalance and asymmetyy of the flywheels (6); the appearance
of terms of the type Ig”, J¢. The presence of an inertial medium leads to an increase in the
inertia matrix of the system K;'{(2) by the matrix of attached masses of the body and the
instruments.

Andlysing the above changes in Eqgs.(8) and {11) we find, that the motion of the carrier
in the inertial medium, where the flywheels are dynamically unbalanced, differs essentially
from the motion of the usual gyrostat (without taking the above factors into account /7, 8/).
Having chosen in the latter case (r*® == 0, A, =0) the central axes of inertia of the whole

system as F,, we cbtain two (3 X 3) matrix equations modelling the independent translational
and rotational motions of the gyrostat. It is usually the latter that is of practical interest
/7, 8/.

when the medium is inertial and the flywheels are dynamically unbalanced, the translational
and rotational motions of the carrier are inertially inseparable from each other, irrespective
of the choice of the attached coordinate system. The presence of the last two matrices in
the matrix K;!(2) and of the matrix K,;'*(6) in the matrix M;!(9), implies that motion
along any of the generalized coordinates ¢,° for an arbitrarily short time generates a motion
along the remaining coordinates of this vector. The effect remains in force in special cases
{an inertial medium only, or dynamic inbalance of the flywheels only). We note that all terms
shown in (8) and (11) have an oscillatory character (through the matrix L;), with wvariable
frequency depending on the frequency of rotation of the flywheels.

Using Eq.(11l) we can obtain a mathematical formulation of the problem of controlling the
oscillatory motion of the carrier caused by the inertial effects of the dynamically unbalanced
rotating flywheels,

Let us rewrite Eg. {11) in the form

Ig" +J¢=P(t), P{)=F!—1%" 039" ® 12
where ¢,%(f) is the given motion of the carrier.

If dimg<{6 (the number of flywheels is < §), then the problem has no solution
(except in some special cases of the motion g% (). If dim ¢ = 6, then the problem has a
unique solution where det F 5= 0.

Let dim ¢ = I > 6. In this case the problem of determining the required law of variation
of the vector ¢ () reduces to the classical theory of optimal control in which the methods
of solution are wéll-known. Let us divide the vector ¢ into two parts, one containing six
independent coordinates ¢, &< R;, and the other ( [ - 6 ) independent coordinates ¢.& R,
qg =g, gql. We choose, as the control vector, the vector of acceleration of the independent
coordinates (which can be manipulated as required) u = ¢_”. 1In this case the problem has the
following form when det I_ s 0:

F=fu ), zoit)=1 3
z =llg, ¢ II¥, J (, u} > min
u=¢", ()= E., u(t)s=E,
fauty=|¢, ¢ IF=Ig,9" ¢ IIF =
e u, L7 (P () — Tu — I |IF

Here 1, I_ are the parts of the matrix I. corresponding to the parts g¢,”, ¢ of the
vector ¢; E,, E,. are the domains of admissible values of the vectors =z, u; J {z, u) is a functional.
We must remember that (8) and (ll) are the equations of motion not of the system, but
of the body of the carrier. Therefore, the solution of problem (13) yields only a programmed
motion of the flywheels, which can be used to design the force control modules (FCM) of the
system. .
The real motion of the system acted upon by the FCM according to the above program can
be studied using additional appropriately chosen equations from /2, 3/.
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AN ANISOTROPICALLY ELASTIC SPHERE IN FREE MOTION

V.V. NOVIKOV

Corrections are found to the inertial tensor components of a rotating
sphere in the case of small anisotropy of its elastic properties of
general form. Singularities in the behaviour of the freely rotating
sphere due to the intrinsic elasticity are discussed in specific examples.
Without making any assumptions on the smallness of the anisotropy, the
strain is calculated for a sphere having a plane of isotropy. It was
shown /1, 2/ in the problem of the motion of a solid deformable body
around a centre of mass under the simplifying assumptions that the natural
vibration frequencies greatly exceed the angular velocity while the
internal friction forces ensure sufficiently rapid damping of the natural
vibrations, that taking account of the intrinsic elasticity of the body
is equivalent to the action of a moment on it proportional to the fourth
power of the angular velocity component and calculated by means of the
solution of the quasistatic problem of the deformation of a rotating body.
The moment corresponding to the influence of the intrinsic elasticity
has been calculated /3/ for a body close in shape to a sphere. The
homogeneous anisotropically elastic sphere in free motion considered in
this paper is still another example when the solution of this problem
can be obtained by analytic means. The representation of the behaviour
of this system can turn out to be useful when considering questions of the
earth's motion in connection with the hypothesis that the earth has the
features of a complex crystal.

Let us represent the stress tensor in the form
Oiy=Muy;0;; + 2pui; + Cimmbbnm

where u;; is the strain temsor, A and p are Lamé constants, and u; are the components of the
displacement vector. The tensor of the elastic constants Cimm satisfies the following
symmetry conditions /5/:
Cijnm = Cjinm ™ Cijmn = Cnmij

and has 21 indepdent components in the most general case of an anisotropic linearly elastic
body.

We shall consider only the almost Eulerian motions of a deformable body. This is possible
if it is sufficiently rigid and the vibrations of the elastic body that occur damp out rapidly
/2/. The elastic constants are such that the following inequalities are satisfied

e €81 (e = pR¥(nt,?) 1)
where p is the density, R is the radius of the sphere, f/, is the characteristic time of sphere
motion as a whole, and § is the ratio of the greatest of the elastic constants c;;,m to
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